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ABSTRACT 
In Finite Element (FE) simulations of sheet metal forming (SMF), the coefficient of friction is 
generally expressed as a constant Coulomb friction. However in reality, the coefficient of 
friction at the local contact spots varies with the varying operational, deformation and contact 
conditions. Therefore, it is important to calculate the coefficient of friction under local 
conditions to better evaluate the formability of the product. Friction at a local scale is largely 
influenced by the micro-mechanisms at the asperity level like shearing in the boundary layer, 
ploughing and hydrodynamic lubrication. In this paper, a new mixed lubrication model is 
developed considering the aforementioned micro-mechanisms to better describe the friction 
conditions for deep drawing processes. Central to the friction prediction is the calculation of 
the lubricant film thickness and the contact area evolution based on the asperity flattening 
mechanisms. In deep drawing, asperity flattening can occur due to normal loading and 
stretching of the workpiece surface. Both flattening mechanisms are accounted in this model. 
The developed model is applied to an axi-symmetric cup drawing process. The results show 
that the coefficient of friction is not constant during the drawing process. Effects like asperity 
flattening and ploughing mechanisms increase the coefficient of friction under some 
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conditions. Lubrication process decreases the coefficient of friction due to mixed lubrication 
effects.  
Keywords: Mixed lubrication; deep drawing; asperity flattening; friction modeling; 
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1. INTRODUCTION 
Deep drawing is one of the most widely used SMF process in the automotive industry for 
manufacturing car body parts. FE simulations are used to predict the final shape of the 
product and to optimize the design and process variables. In terms of industrial economics, FE 
simulations reduce the lead time and cost of product development. In recent times, advanced 
material models have been developed to better simulate the forming process. The coefficient 
of friction is commonly expressed as a constant value in FE simulations. However, this yields 
less accurate forming simulations. For accurate forming simulations, it is essential to 
incorporate the effects of micro-geometry on friction in the macro scale simulation of 
automotive parts. On close examination of the surface, it is rough and it has asperity peaks 
and valleys. The real contact area occurring at the discrete contact spots is generally less than 
the nominal contact area. However, the real contact area grows under the action of load and 
strain in the forming processes. Lubricants are often used in the deep drawing processes. 
Typically, a lubricant is applied all over the blank which is then pressed. In tool-workpiece 
contact situations, the lubricant is retained in the blank holder and punch rounding regions. 
The retained lubricant chemically or physically bonds to the surface of the tool and workpiece 
which governs the friction value at the solid contacting asperities. If the lubricant amount is 
sufficient to fill the valleys of the rough surface, it can build up hydrodynamic pressure due to 
the applied pressure and sliding of workpiece. The development of real contact area is 
hindered by the lubricant pressure generated in the valleys. The pressure carried by both the 
asperities and the lubricant need to be taken into account in the friction model. The lubricant 
pressure generation is dependent on sliding conditions, lubricant properties and surface 
features such as roughness and lay.  
In literature, most of the lubrication models are applicable for rolling and sliding contacts of 
gears and bearings where the lubricant film thickness is determined from the inlet conditions 
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such as geometry of the interacting surfaces, lubricant viscosity and operational conditions.  
However, in a deep drawing process scenario, the tool and workpiece contact is nominally flat 
with the possibility of macro wedge formation. Emmens [1] conducted experiments on 
cylindrical and rectangular cups. He found that the product geometry and the material 
properties affect the thinning and thickening of the sheet. This results in formation of 
macroscopic wedges due to sheet deformation. These macro-wedges can influence the film 
thickness at macro level only if there is a full film lubrication. In this paper, the formation of 
macro-wedges is not considered. The film thickness variation is considered only due to 
progressive asperity flattening processes. 
Greenwood and Williamson’s [2] theory (GWT) of rough surfaces in contact is one of the 
well-established summit based contact models which is valid only for the elastic deformation 
of surface asperities. Pullen and Williamson [3] addressed plastic deformation of surfaces 
with the volume conservation by assuming that the asperities rise uniformly. However, the 
resistance of asperities to flatten at higher loads and flattening due to bulk deformation was 
not included in this model [3]. Westeneng [4] described the asperity deformation process 
using volume and energy conservation laws with the resistance of asperity to rise which was 
termed as asperity persistence by Childs [5]. Westeneng also incorporated the model of 
Challen and Oxley [6] for the ploughing action of multiple tool asperities through the sheet 
material in a deep drawing process. However, the hydrodynamic action of lubricant was not 
taken into account. Christensen [7] used the stochastic theory to derive a film thickness 
equation to describe the flow effects of longitudinal and transverse lay of the surface. The 
longitudinal lay facilitates the flow, which results in thinner film and produces a lower 
lubricant pressure. The transverse lay restricts the fluid flow which results in a thicker film 
and produces a higher lubricant pressure. Johnson et al [8] developed a model for the 
elastohydrodynamic lubrication process using the GWT model for asperity deformation and 
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Christensen’s model [7] for surface effects. The film thickness in this model was described by 
the surface geometry of the interacting bodies and the surface texture incorporated with the 
elastic deformation of asperities. This model can be applied only for elastic contacts where 
there is no severe asperity flattening. Wilson and Chang [9] developed a mixed lubrication 
(ML) model for the progressive asperity flattening process in rolling under low-speed 
conditions. They showed that the persistence of asperity flattening occurs due to 
hydrodynamic pressure generation under various conditions which had been ignored 
previously. Wilson and Chang made use of the earlier contact model of Wilson and Sheu [10] 
to describe the asperity flattening process for assumed wedge-shaped asperities by applying 
the upper bound theorem. Patir and Cheng [11] introduced flow factors to account for 
roughness and lay effects in full film hydrodynamic lubrication that occurs in nominally 
separated surfaces. However, their formulation of film thickness results in a negative film 
thickness under a high fractional contact area. Lin et al., [12] modified the flow factors for 
high fractional contact areas such as those occurring in deep drawing process to describe the 
flow effects. Lo and Yang [13] used the flattening model developed by Wilson and Sheu [10] 
and developed a mixed lubrication model for metal forming process for the FE 
implementation. Ter Haar [14] measured friction values with a friction tester simulating deep 
drawing conditions and modeled Stribeck curves for various operational conditions, lubricants 
and surfaces. The empirical friction models were used in FE simulations to show that the 
coefficient of friction significantly influences on punch forces characteristics, stresses and 
strains. Researchers [15-16] have also claimed that the isolated oil pockets are formed under 
high fractional contact areas. This will result in hydrostatic effects due to the entrapped 
lubricant in microscopic pockets. The models of [7] and [8] describe the full film lubrication 
for elastic contacts with film thickness originating from the real surface properties. The 
models of [9], [12] and [13] describe the mixed lubrication for plastic contacts but with an 
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assumption of wedge shaped asperities for deriving film thickness. The empirical model of 
[14] is a cumbersome process to create a friction database for different materials and 
operating conditions. 
The aim of this paper is to develop a mixed lubrication model with the film thickness 
originating from the asperity flattening process using statistical properties of a surface. The 
mixed lubrication model is developed based on the work of Wilson and Chang [9] for 
progressive asperity flattening process in deep drawing. The asperity flattening model of 
Westeneng [4] better describes the plastic deformation of surface asperities under normal 
loading and stretching conditions. For simplicity, the surface lay and hydrostatic effects due 
to oil pockets are ignored in this work. The developed ML model is used to calculate the 
friction values for an axis-symmetric cup drawing process at different drawing depths.  
 
2. NOMENCLATURE 
Anom - Nominal Contact Area [m
2
] 
B - Parameter used in Challen and Oxley’s model [-] (see Appendix B) 
NF   - Normal load applied [MPa] 
WF  - Frictional force [MPa] 
H    - Hardness of the workpiece material [MPa] 
effH  - Non dimensional effective hardness of material [-] 
L    - Lubrication Number, anomRPUL
lub
lub  [-] 
nomP  - Applied nominal pressure [MPa] 
lub
nomP  - Nominal pressure carried by lubricant due to hydrodynamic flow [MPa] 
sol
nomP  - Nominal pressure carried by contacting asperities [MPa] 
Q  - Average flow rate of lubricant [mm
2
/s] 
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aR  - Arithmetic average roughness of the surface [m] 
U  - Sliding velocity of workpiece with the stretch velocity due to strain [mm/s] 
1U  - Sliding velocity of workpiece [mm/s] 
2U  - Sliding velocity of tool [mm/s] 
b  - unit width of the rough surface [mm] 
d  - Separation distance between the mean planes of tool and workpiece [µm] 
BLf  - Friction factor for boundary layer [-] 
avef  - Average coefficient of friction [-] 
h  - Lubricant film thickness [mm] 
k  - Shear strength of the material [MPa] 
l  -  Sliding contact length [mm] 
al2  -  Spacing between the asperities [µm] 
u  - Rise of the asperity [µm] 
z  - Height of the asperity [µm] 
  - Fractional contact area [-], 
  - Asperity mean radius [µm] 
  - Bulk strain of workpiece [-] 
  - Asperity persistence parameter [-] 
lub  - Viscosity of lubricant [Pas] 
  - Attack angle of a summit [rad] 
  - Coefficient of friction [-] 
  - Density of asperities [mm
-2
] 
  - Surface distribution of the workpiece asperities [-] 
  - Shear strength of the interface [MPa] 
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 ,  - Parameters used in asperity deformation model [-] (see Appendix B)  
 
Suffixes & Prefixes 
Eqpl - Equivalent plastic (used strain measure from FE) 
asp - Single summit or asperity 
 l     - Flattening of asperities due to normal loading 
lub - Lubricant part 
 s   - Flattening of asperities due to bulk stretching 
sol - Solid contacting part 
 t    - Tool 
 
3. FRICTION MODEL OVERVIEW 
In deep drawing processes, the coefficient of friction is mainly characterized by the shear 
strength at the contacting asperities and the shear strength of the lubricant film. The shear 
strength at the contacting asperities is dependent on the real contact area development and 
shear strength of the formed boundary layers. The shear strength of the lubricant part is 
dependent on the lubricant properties, film thickness and sliding conditions. In this article, a 
friction model is shown which includes the micro mechanisms of asperities: flattening and 
rising of asperities due to normal loading and stretching, ploughing, adhesion and 
hydrodynamic effects. Westeneng’s [4] contact model (see Section 4) is used to describe the 
deformation mechanisms of asperities. For flattening of asperities he used the plane stress and 
plane strain models of Wilson and Sheu [10] and Sutcliffe [17] respectively to determine the 
change in effective hardness of the surface due to bulk strain. For ploughing and adhesion of 
tool asperities through the plateaus on the sheet surface, Challen and Oxley’s [6] slipline 
model is used for calculating the additional frictional stresses. However, a hydrodynamic 
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model is lacking in [4] to explain the sharing of the applied pressure by the lubricant film at 
micro scale in the mixed lubrication regime. 
 
4. ASPERITY DEFORMATION MODEL 
Westeneng [4] considered asperities as bars represented in Fig. 1. In the workpiece roughness 
scale, the workpiece is considered to be rough and soft. The tool is considered to be flat and 
hard and it deforms the encountered workpiece asperities. Using the principle of energy 
conservation and volume conservation, a model had been developed by Westeneng [4] to 
explain the flattening of the asperities. In this model, it is assumed that the asperities which 
are not in contact with the tool rise uniformly. A part of external applied energy is used to 
flatten the asperities, to raise the valleys and also to retain the asperities which come into 
contact with the tool during flattening process. In this model, the workpiece material is 
assumed to deform under ideal plastic conditions. Asperity’s persistence to rise which 
determines the amount of energy needed to lift up the asperities is included in the model. By 
using the probability density distribution of the asperities, the real contact area developed 
during normal loading and stretching of the workpiece is calculated as shown in Equations 
(1)-(6). 
After normal loading of the workpiece, the asperities which are in contact are flattened and 
the separation between the flat tool and mean plane of workpiece is reduced to dl from d as 
shown in Fig. 1 (a and b). The asperities which are not in contact rise by an amount of ul. The 
fractional contact area for normal loading is found from the probability density of the surface 
as given in Equation (1).  
 



ll ud
l dzz         (1) 
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The nominal pressure,  nomsolNsolnom AFP /  carried by the asperities alone which are in contact 
under ideal plastic deforming conditions is given in Equation (2). The nominal pressure 
carried by the solid contact depends on the material hardness, surface distribution function 
and separation between tool and workpiece during normal loading. The expressions for the 
functions  ξ and χ represents can be found in the Appendix B. The author refers to [19] for the 
detailed derivation of these expressions. 
 








 

ld
sol
nom dzz
H
P
 1        (2) 
 
Fig. 1. (a) Representation of asperity flattening and rising model (b) Asperity flattening and 
rising process during surface deformation process (c) Change of surface distribution during 
surface deformation process. 
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Equation (3) gives the rise of the asperities for a given separation distance using the volume 
conservation principle. 
     



ll ud
lll dzzdzu 1        (3) 
The parameter η is the asperity persistence parameter. The parameter η=0 means no work is 
done for the rise of valleys. The parameter η=1 means that maximum amount of work is done 
for the rise of the valleys.  
The unknown variables are fractional contact area, amount of flattening, dl and the amount of 
rising, ul which are calculated by simultaneously solving the Equations (1)-(3).  
The fractional contact area as given in Equation (4) due to bulk strain is calculated from the 
probability density of the surface after normal loading. During bulk straining of the 
workpiece, the effective hardness is substantially reduced which causes further flattening of 
the workpiece asperities by the tool. 
 



ss ud
ls dzz         (4) 
The asperity flattening rate due to bulk strain in the workpiece for a single asperity is given by 
Equation (5). The non dimensional strain rate E is described for a plane stress deformation 
mode in the asperities from the work of Sutcliffe [17] as, 
  ssl
as udz
E
l
d
d
 


       (5) 
The rise of the valleys due to stretching at a given separation level is described as, 
     



ss ud
lsss dzzdzu 1       (6) 
The fractional contact area evolution is found by incrementally increasing the strain with 
Equation (5). The fractional contact area, separation and rise of asperities are found by 
simultaneously solving the Equations (4)-(6). In Fig. 2, the development of the real contact 
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area is shown for different nominal pressure and strain. With the increase in nominal pressure 
and strain, the fractional contact area increases. The numerical procedure for the asperity 
deformation model under normal loading and stretching can be seen in the Appendix A. The 
derivation and the FE implementation of the friction model based on this asperity deformation 
model is explained in detail by Hol et al., [19] with its application to a deep drawing product. 
 
Fig. 2. Fractional contact area with nominal pressure and strain. 
 
5. MIXED LUBRICATION MODELLING IN DEEP DRAWING 
In the mixed lubrication contacts, the total applied nominal pressure, nomP  is shared between 
the pressure generated at the contacting asperities, 
sol
nomP  and the lubricant pressure generated 
between the contacts due to hydrodynamic lubrication, 
lub
nomP . The load balance as shown in 
Fig. 3(b) is given by 
lub
nom
sol
nomnom PPP          (7) 
The fraction of the load carried by the lubricant is dependent on the lubricant properties, 
operating conditions and the film thickness. Mixed lubrication can potentially occur in the 
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blank holder region of a deep drawing process. In the blank holder, the sheet is sliding over 
the stationary tool under a normal loading and stretched by the punch action as shown in Fig. 
3(a).  
For a simple deep drawing process, the workpiece is in contact with the blank holder and 
drawn in to the die in the radial direction (i.e from x=0 to x=l as shown in Fig. 3(b)). The 
major sliding velocity in this direction constitutes to the hydrodynamic flow of the lubricant. 
A converging wedge of the fluid is formed as shown in the Fig. 3(c) due to asperity flattening 
mechanism which was explained in Section 4. The asperity gets flattened due to normal 
loading and stretching. Note that the thinning and thickening of sheet is not taken into account 
in the film thickness formulation and there are no macro oil pockets or wedges due to the 
absence of full film lubrication.  
 
Fig. 3. Mixed Lubrication in Deep drawing process. 
The lubricant flow between the tool and workpiece is treated as a 1D flow across the major 
sliding direction for formulating the lubricant’s pressure share. The general 1D Reynolds 
equation (RE) is used to describe the flow between the tool and the sheet material. Neglecting 
the squeeze effect of the fluid, the 1D RE without the dependency of viscosity of temperature 
and pressure is given as 
0x
lx 
U
nomP
lub
nomPsol
nomP
Workpiece 
Tool 
Mean plane of 
surface separation Workpiece 
Tool 0x lx 
(a) 
(b) 
(c) 
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

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

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
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
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2212
2121
lub
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3

   (8) 
Since the tool is stationary, the sliding velocity U2=0 and the Equation (8) becomes 
x
Uh
x
hU
x
Ph
x
nom
















 )(
2212
11
lub
lub
3

     (9) 
In finite element calculations, the velocity of the sheet along with the stretch velocity due to 
deformation is readily available and can be used as an input to the ML model. Therefore, 
Equation (9) can be further simplified to 
x
hU
x
Ph
x
nom














212
lub
lub
3

      (10) 
If the average flow rate along the contact length is Q, then Equation (10) after integration is 
given as 















3
lub
lub 12
2 h
Qh
U
x
Pnom        (11) 
With the known viscosity of the lubricant, the unknown variables in Equation (11) are the 
film thickness h and the flow rate Q.  
The film thickness is found from the asperity deformation model after normal loading and 
stretching processes as explained in Section 4. The film thickness at each discretized point is 
calculate. The flattening and rising of the asperities are reflected in the film thickness 
calculation, as shown in Fig. 4. The average film thickness is the ratio of the volume of the 
fluid below the tool to the area underneath the lubricant film as given in Equation (12). The 
film thickness from the probability density function of the workpiece surface is given as 








ud
ud
dzz
dzzzud
h
)(
)()(


      (12) 
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Fig. 4. Fluid film thickness calculation. 
 
In Equation (11), the flow rate Q is unknown. The flow rate can be calculated by iterative 
procedure applying the given boundary conditions. The lubricant pressure distribution is 
solved by iterating over Q until the following boundary conditions are satisfied: 
lxx  ;0 , 0lub nomP , then nom
sol
nom PP      (13) 
The boundary condition at x=0 is used as an initial value in the integration of Equation (11). 
With the shooting method as the iterative procedure, the target boundary condition at x=l is 
achieved within the permissible tolerance by numerically integrating the Equation (11) for the 
lubricant pressure. The numerical procedure for the mixed lubrication model integrated with 
the asperity deformation model is given in Appendix A. The fractional contact area is 
calculated by using the resulting pressure available for the solid part, (i.e., lubnomnom
sol
nom PPP  ) 
using the Westeneng’s model [4].  
 
6. FRICTION CALCULATION 
For calculating the coefficient of friction in the mixed lubrication region, the shear strength 
due to the solid contact as well as lubricant part is calculated. In the solid contact, 
mechanisms such as the shear of boundary layer and ploughing are included. In the lubricant 
part, the shear strength of the lubricant film between the tool and workpiece is included. 
Ploughing occurs when there is a significant difference in the hardness of the contacting 
material. The hard asperities plough through the soft material. Due to sliding, the ploughing 
action increases the coefficient of friction. For the ploughing, Challen and Oxley’s [6] slipline 
h
u
d Tool 
Workpiece 
Undeformed surface 
Deformed surface due to 
loading and stretching 

sol
nomP
)(z
d
u


z
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model as shown in Fig. 5 is used to calculate the frictional stress for multiple tool asperities. 
Challen and Oxley’s model is characterized by the normal load, interfacial shear strength 
between the tool and workpiece asperity and the attack angle of the tool asperity.  
 
 
Fig. 5. Ploughing of tool asperities 
 
Two levels of surface roughness are considered in this friction model. At the workpiece 
roughness scale, the smooth tool flattens the rough workpiece as explained in the Section 4. 
At the tool roughness scale, the workpiece surface is already flattened and the workpiece 
surface is smooth. The tool is considered to be rough at this scale and ploughs through the 
workpiece. The frictional force due to the solid contact part is modeled from [6] for a single 
asperity of the tool and extended to the multi-asperity contact from the stochastic variables of 
the tool surface. The total shear strength caused by the tool asperities for ploughing with 
boundary layer adhesion is 
  dssF tWtsol asp       (14) 
aspNaspaspW
FfF         (15) 
From Challen & Oxley’s model, the coefficient of friction at an asperity shown in Fig. 5 is 
given as 
Flattening of workpiece 
asperities 
Ploughing of tool asperities 
Challen and Oxley’s model for single summit 
aspN
F


Mean plane of  
tool summits 
Boundary layers 
Workpiece roughness scale 
 
Tool roughness scale 
 
t
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)sin(arccoscos
)cos(arccossin





BL
BL
asp
fB
fB
f      (16) 
The normal force acting on the front half of the cylindrical summit for unit width of rough 
surface under small indentations as shown in Fig. 5 is given by 
bHF tNasp
22         (17) 
The friction factor,  fBL at the boundary layer of the asperities is used from Timsit and Pelow 
[18]. Timsit and Pelow gave the relation for the shear strength of stearic acid type lubricants 
for the various contact pressure. During ploughing, the contact pressure equals the effective 
hardness of the softer material since ideal plasticity is assumed. The relation of shear strength 
and effective hardness is given in Equation (18). With the Timsit and Pelow’s shear strength 
relation, the friction at the boundary layer is given as in Equation (19). 
33Hk          (18) 
19.0
81.0
47.20
94.3  eff
nomBL
BL H
k
P
k
f

     (19) 
The shear stress in the lubricant film is calculated using the film thickness obtained from the 
asperity deformation model, the sliding velocity and the viscosity assuming a Newtonian fluid 
for a pure Couette flow.  
h
Ulub
lub

          (20) 
The friction value for the mixed lubricated contact calculated from the shear strength of the 
solid and the lubricant part is given by 
nom
ssols
P
f lub
)1(  
       (21) 
If n is the number of discretized points for the whole contact length l, then the average 
coefficient of friction is given by 
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P
f
n
i
i
nom
ii
s
i
sol
i
s
ave



 1
lub)1( 
      (22) 
when i=1, x=0 and i=n, x=l 
The calculation procedure for the complete friction model is shown in Appendix A (see Fig. 
A.1). 
 
7. RESULTS 
The results discussed here are obtained using the models described before. The input 
parameters for the mixed lubrication model and the asperity deformation model are given in 
Table C.1 and C.2 (see Appendix C). To understand the friction model in simple ways, the 
strain is assumed to be linearly increasing along the contact length (representing the blank 
holder region). Further, a constant sliding velocity and blank holder pressure is used for these 
model calculations. The lubricant pressure generation for different sliding velocities and blank 
holder pressure are shown in the Fig. 6 (a and b). At low sliding velocities, the couette flow is 
limited and the lubricant pressure generation is low when compared to higher sliding 
velocities. When the strain is increased, the asperity deformation is higher. There is a steeper 
converging film which results in increased lubricant pressure. The increase of the blank holder 
pressure also increases the lubricant pressure generation as shown in Fig. 6 (b). 
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Fig. 6. Lubricant pressure generation for different sliding velocities and strain at nominal 
pressures of (a) 10 MPa , (b) 50 MPa and (c) Lubricant pressure generation for different 
contact length 
 
(a) 
(b) 
(c) 
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Fig. 7. Stribeck Curve showing transition from BL to ML for various strain conditions (a) ε = 
0~0.1 and (b) ε = 0~0.3 
In Fig. 7 (a and b), the effect of strain and contact length on the coefficient of friction against 
the dimensionless lubrication number in the Stribeck curve. The dimensionless lubrication 
number is given by the following relation, 
anomRP
U
L lub

         (23) 
In Fig. 7 (a), the coefficient of friction is shown for low straining process. The coefficient of 
friction is high for the shortest contact length because of lack of lubricant pressure generation 
as seen in Fig. 6 (c). For short contact length, the coefficient of friction is majorly in the 
(a) 
(b) 
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boundary lubrication and reaches to mixed lubrication regime at high lubrication numbers. 
For long contact length, there is a transition to hydrodynamic lubrication regime at high 
lubrication numbers. When the strain is increased, the transition to different lubrication 
regimes is quicker when compared with low strain conditions as shown in Fig. 7 (b). It can be 
also seen that there is an increase in coefficient of friction at low lubrication numbers. This is 
due to higher fractional contact area due to straining process. With the increase of fractional 
contact area, the number of tool asperities interacting with the workpiece also increases. The 
solid contact is predominant at low lubrication numbers. 
To illustrate the ML model, a simple axi-symmetric cup is considered as shown in Fig. 8. The 
simulation of cup drawing is done using the FE software Dieka, an in-house FE code 
developed at the University of Twente. The cup geometry and the contact normal stress for the 
cup are shown in Fig. 8. The input parameters from the Finite Element (FE) simulation for the 
ML and friction model are the nominal pressure, strain and sliding velocity. The calculated 
friction values are to be used for calculating the shear strength in the contact algorithm in the 
FE simulation. For this simulation, the friction model is not coupled with FE framework. The 
input values are taken from the free edge of the sheet in the blank holder region till the 
contacting region in the die round as shown in Fig. 8 at three different drawing depths. Fig. 9 
shows the nominal contact pressure at the contacting region and the generated lubricant 
pressure for three different drawing depths. The average fractional contact and average 
coefficient of friction for different depth and drawing speed is shown in the Table 1. The 
results of both the boundary lubrication (BL) and mixed lubrication models are compared 
Table 1. At the drawing depth of 10 mm (shown in Fig. 9(a)), there was no significant 
lubricant pressure generation because of low strain and normal pressure. The strain increases 
as the drawing depth increases, and it forms a converging film. The lubricant pressure 
generation gets higher as the drawing depth increases as seen in Fig. 9 (b) and (c). The cup 
 22  
drawing velocity used in the FEM simulation is 25 mm/s. At this speed, the average 
coefficient of friction (shown in Table 1) is close to the BL regime. The coefficient of friction 
is dependent on the contact area evolved due to asperity flattening processes. When the 
drawing depth increases, the fractional contact area is increased due to asperity flattening due 
to increase in stretching and normal loading. At drawing depth of 25 mm, even though the 
fractional contact is high, the load shared by lubricant is high as seen in Fig. 9 (c) which led to 
a low coefficient of friction. 
 
Fig. 8. Contact normal stress of cup drawing simulation. 
 
Finite Element simulation parameters for sheet material 
Material model  : Elastic plastic Hill 48  (refer [20]) 
Young’s modulus  : 210 GPa 
Poisson’s ratio  : 0.3 
Coefficient of Friction  : 0.16 
(Boundary lubrication)  
Cup drawing speed  : 25 mm/s 
X 
Z 
Y 
Cup Diameter 
         Φ50 
R10 
R8 
Cup height 
25 
Contacting 
region 
Sheet thickness  
0.8 
Contact Pressure 
[MPa] 
All dimensions are in mm 
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Fig. 9. Pressure profile under the blank holder of the cup for three depths (a) 10 mm, (b) 20 
and (c) 25mm respectively. 
Nominal pressure Lubricant pressure 
(c) 
(b) 
(a) 
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Table 1. Calculated average friction values and average fractional contact area at various 
drawing depths and speeds. 
When the drawing speed is increased by two-fold, at 25 mm drawing depth the average 
coefficient of friction lowers down further in the ML. The coefficient of friction is even lower 
with the four-fold increase of the drawing velocity at a drawing depth of 25 mm. The 
coefficient of friction is also compared against the BL with the same asperity deformation 
model. The average coefficient of friction values are higher when compared with the BL 
model. As seen in the Table 1, the fractional contact area is hindered by the generation of 
lubricant pressure due to sliding action. Till a depth of 10mm of the cup, there is no 
significant ML process. As the cup depth increases, ML process pronounces more and results 
in a lower coefficient of friction. From these results, it can be seen that the coefficient of 
friction cannot be constant for the deep drawing processes. It is dependent on the operational, 
deformation and material conditions. 
 
8. CONCLUSION 
In this paper, a new mixed lubrication model for deep drawing processes is presented. The 
micro-mechanisms occurring at the workpiece and tool roughness scale such as flattening due 
to normal loading and stretching, ploughing, boundary and mixed lubrication are taken into 
account. The lubricant pressure distribution for various sliding velocities is shown. The 
coefficient of friction decreases due to hydrodynamic effects and also increases due to the 
Cup depth Drawing           Average Fractional   Average Coefficient  
(mm)               speed (mm/s)     contact area [-]            friction,  fave  [-] 
                            (BL)     (ML)    (BL)     (ML) 
  10          25                16%      16%         0.220      0.220 
  20               25               55%      26%         0.227      0.179 
  25                  25               71%      61%         0.224      0.143  
  25                  50               71%      60%         0.224      0.097  
  25                  100               71%      60%         0.224      0.046  
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influence of strain. Further, the nominal pressure, sliding velocity and strain were taken from 
FE simulation of a cup and used in the mixed lubrication model to calculate the coefficient of 
friction. The coefficient of friction was shown for cup drawing at three different drawing 
depths. Results show that there is a transition from BL to ML towards the end of the drawing 
process. For high-speed drawing processes, it will even reach hydrodynamic lubrication. The 
current model better describes the friction conditions related to sliding contacts in the deep 
drawing processes under lubricated conditions. The implementation of the ML model in FE 
software will be carried out in the future work. 
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APPENDIX A 
 
Asperity deformation model    Mixed lubrication model 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.  A.1. Flowchart for the friction model. 
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APPENDIX B 
Expressions for the parameters used in the asperity deformation and ploughing models,  
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APPENDIX C 
Input parameters for the friction model 
 
 
 
 
 
 
 
Parameters               Values 
 
Workpiece Hardness, H  [MPa]  1400 
Persistence parameter,   [-]   1 
Density of tool asperities, t  [mm
-2
]  2∙103 
Mean Radius of tool asperities, t  [µm] 0.2 
 
Table C.2. Input parameters for asperity deformation model 
Parameters        Values 
 
Sliding Velocity, U  [mm/s]  0.1 ~ 100 
Contact length, l  [mm]  80 
Lubricant Viscosity, lub  [Pas] 0.06 
Strain,   [-]    0 ~ 0.1,0.2
*
 
Nominal Pressure, nomP  [MPa]  10 
          
           * Linearly increasing from X = 0~l 
 
Table C.1. Input parameters for ML model 
 
